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ABSTRACT 
Let A, B be n X n matrices over a field F, and suppose A, B have quadratic 
minimal polynomials. Then the algebra generated by A, B has dimension at most 
2n - 1 if n is odd and 2n if n is even. These hounds are exact. 
In earlier work [l, p. 551, one of us (H.M.S.) showed that if A, B are n X n 
matrices over a field F of characteristic * 2 and A, B have quadratic minimal 
polynomials, then the algebra @ generated by A, B has dimension at most 2n. 
In this note we generalize this to arbitrary fields, showing in particular that 
for odd n, the bound on the dimension can be reduced to 2n - 1. The 
methods are elementary. 
THEOREM. Let A, B be n X n matrices over a field F, and let @ be the 
algebra generated over F by A, B, 1. Suppose that A, B satisfy quadratic 
polynomials ouer F. Then 
if nisodd, 
if niseoen. 
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Proof. Let F be the algebraic closure of F, and let ?? = & @,Z? Then 8 is 
generated over F by A, B, Z and 
dim,@ = dim$T. 
Hence we may assume that F is algebraically closed. 
Suppose A2 + uA + bZ = 0 for a, b E F. If F does not have characteristic 
2, we may write (A+$+zZ)~ =($z’- b)Z, and replacing A by (l/d) 
(A + &zZ) where 
d2= 
i 
$u2-b if $z2-b*O, 
1 if Las-b=0 4 , 
we may assume that A2 = 0 or I. Similarly we may assume that B2 = 0 or I. 
If F has characteristic 2, we note that for c E F, 
Choosing c so that c2 + uc + b = 0 and replacing A by 
A + cl if u=O, 
;(A+cZ) if u==O, 
we may assume that A2 = 0 or A. Similarly we may assume that B2 = 0 or B. 
In the case where exactly one of A, B is idempotent, we assume the elements 
are labeled so that A2 = A. 
Let C = A - B. Note the identity 
AC=C2 -CA+(A2- B2). (*) 
Let 9 = {Ck, CkAlk = 0,l ,...,n-l}(wherehereC’=Z). Wenow 
CLAIM. & = SptUl% 
Note that A2 - B2 = 0, + I, A, or C. By the Hamilton-Cayley theorem, 
Cspan% c span% By (*), AC E span’% and further by induction, ACk E 
span% for k=l,..., n-l. Since Z~span53, we thus get &~span% and 
thus 6? = span%. 
Since $3 has only 2n elements, we thus find dim & G 2n with equality if 
and only if the elements of 5% are independent. 
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Suppose n = 2k + 1 is odd. There exist at, (us E F with (A - cu,Z)(A - 
(Y~Z) = 0, and thus the null space N(A - qZ) has dimension at least k + 1 for 
i = 1 or 2. Suppose N(A - cw,Z) has dimension at least k + 1. Similarly there 
exists /3i E F with N(B - &Z) of dimension at least k + 1. But then N(A - 
cy,Z)n N(B - /3iZ) * (0) and there exists a nonzero vector u with 
Au = alu, Bu =,+I. 
Hence we may ass\. 
a II1 
e A, B are of the form 
B 
b 21 
b’ tll 
0 . . . 0 
4 
respectively. Let C, = A, - B,, and let m(x) be the minimal polynomial of 
C,. Note that m(C) (A - oil) = 0, thus giving a nontrivial dependence 
relation between the elements of 3. Hence dim @ < 2n - 1 if n is odd. ??
We now show that the bounds in the theorem are attainable. 
EXAMPLE 1. Let n=2k, let p(x)~F[r] have degree k, and 
p(O) * 0, p(l) f 0. Let X be the companion matrix of p(x), and let 
the idempotents 
suppose 
A, B be 
Then the algebra 6! generated by A, B is isomorphic to Ms( F[ X]) c M,(F) 
and dim@ = 2n. If k = 1, n = 2, let 
A=(:, ;), B=(; ;). 
Then A, B generate M,(F). 
EXAMPLE 2. If n = 2k + 1, take A, B as in Example 1 and let A, = (l)@A, 
$ = (0) 83 B. Then the algebra generated by A,, , B,, , Z has dimension 2n - 1, 
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and A,, IS,, are idempotents. We use the fact that 
here and p(0) f 0. 
Finally we note that it is shown in [2] that if A is an algebra generated 
over a field F by two elements a, b satisfying quadratic polynomials over F, 
then each simple image of A is at most four dimensional over its center. 
Example 1 also plays a role in that paper. 
REFERENCES 
H. M. Shapiro, Unitary block diagonalization and the characteristic polynomial of 
a pencil generated by hexmitian matrices, Thesis, California Institute of Technol- 
ogy, 1979. 
T. J. L&fey, Algebras generated by two idempotents, Linear Algebra Appl. 
37:45-s (1981). 
Received 30 July 1981 
